
Greek Leiten OB = blendingtime 
a = complementary apex angle p = density 
+ = shear rate 
o = angular velocity 
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A significant contribution has been made in the field of 
reaction path synthesis by Powers and his associates 
(1975). In employing their approach, we need to know 
the probability of failure in each step of the reaction path 
and the number of trials required to obtain the first suc- 
cess at each step. This note introduces a general prob- 
ability model for the reaction path synthesis which can be 
used to predict the number of trials required to obtain the 
first success for sequential trials and at least one success 
for simultaneous tests. 

FORMU LATION 

As shown in Figure 1, n sequential trials are conducted 
in the horizontal direction in synthesizing a reaction path. 
At the ith trial the reagent is divided into li portions, M i l ,  

Mi2, . . ., M i , ,  distributed in the vertical direction, which 
can be used either simultaneously or sequentially. Several 
specific cases can be considered. 

Sequential both in the horizontal and vertical 
directions. The probability for the first success to occur at 
the Mijth test (the jth test at the ith trial) can be expressed 
as (Parzen, 1960) 

Fr {the first success to occur at the Mijth test} 

Case 1. 

= (1 - F,)'1(1 - F s ) ' a . .  . . . . ( 1  - Ps)'4-1(l - PS)j-'Ps 

< -1 
P G ) + j - - l  

= ( 1  - P,)"' P S  (1) 
where F ,  is the probability of success in a single test. 
Equation (1) is the geometrical probability density func- 
tion. The expected number of tests to obtain the first suc- 
cess, according to this probability density function, is 
(Parzen, 1962; Appendix 1) *: 

I i -1  

If we have 
1 1 = 1 2 =  ... = l * = l  

and consequently j = 1, we have from Equation (1) 
PI {the first success to occur at the i* trial} 

which is the geometrical probability density function in a 
simple form (Parzen, 1960). Of course, the expected num- 
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= ( 1  - P s ) i - l P s  

Q n  

2 . .  . A  . .  . n I 
Fig. 1. A probability model for the reaction path synthesis. 

her of trials to obtain the first success can still be calculated 
by Equation (2) .  

Sequential in the horizontal direction and 
simultaneous in the vertical direction. For this case, we 
may have more than one success at any given trial because 
Zi tests are carried out simultaneously at the ith trial. The 
probability for at least one success to occur at the ith trial 
can be expressed as (Feller, 1950; Parzen, 1962) 

Fr {at least one success in li simultaneous 
tests to occur at  the ith trial} 

Case 2. 

4-1 
P 1, 

= ( 1  - P,)'" (1 - (1 - P,)"} 

lo = 0 

(3) 
where 

i k l  

Let 
Q i  = (1 - F,)'( where Qo = (1 - P s ) z o =  1 

Qi is the probability that the i* trial is a failure. Thus 

is the probability that the ith trial is a success. Then Equa- 
tion (3)  can be rewritten as 

Pr {at least one success to occur at the ith trial} 

Ri = 1 - Qi 

Thus the expected number of trials to obtain at least one 
success at the ith trial is (Appendix 11) * 
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m 

E ( i ) i =  2 i(iil r=0 Q r ) - R i  
i=1 

= 1 + Qi + QiQ2 + QiQ2Q3 

+ .. . + Q l Q z . . . Q i +  ... ( 5 )  
This case can be resolved into the following subcases: 

Case 2.1. If 
1 1 = & =  ... = z i = 1  

we have, according to Equation (3)  
Pr {at least one success to occur at  the ith trial} 

= (1 - p,)l(i--l) - ( 1  - P,) li (6) 
and thus (Appendix 111) * 

1 
E ( i )  = 

1 - ( 1  - P,)l 
Case 2.2. If i = 1, according to Equation (3) ,  we have 

pl = Pr {at least one success in 11 simultaneous tests to 
occur at the f i s t  trial} 

= 1 - (1  - P S ) h  

1 - p1= (1  - P,)h  

(8) 

(9) 
or 

Equation (8) can also be derived from the binomial prob- 
ability density function which is (Parzen, 1962) 

Pr {exactly k successes to occur in l1 simultaneous 
tests at the fist  trial} 

=( ;) P,k ( 1  - Ps)t’-k 

Then 
pl = Pr {at least one success in 1, simultaneous 

tests to occur at the first trial} 

= 1 - Pr {exactly zero successes to occur 
in Zl simultaneously tests at 
the first trial} 

= 1 - ( 1  - P,)l1 

which is Equation (8). 
Let 

po = 1 - p1 
where po is the probability of exactly zero successes to OC- 

cur in Z1 simultaneous tests. Since the probability of failure 
is 

PF = 1 - P,  

Equation (9) can be rewritten as 

P O  = PFl’ (10) 

Then Z1 is given by solving Equation (10) as 

Po 
11 = - 

In PF 

This is the number of tests required to achieve at least 
one success in simultaneous testing, provided that the 
probability of zero successes is known to be po (Hadley, 
1967). However, it should not be stated as the number of 
trials to the first success with probability of success of 
(1 - p o )  (Powers et al., 1975). 

ESTIMATION OF PROBABILITY OF ZERO SUCCESSES 
IN BINOMIAL TRIALS 

The probability of exactly zero successes in n binomial 
trials is an important parameter in the synthesis of fault 
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tolerant reaction paths (Powers et al., 1975). In this sw- 
tion, we consider the problem of obtaining a best point 
estimate of the probability of exactly zero successes in n 
binomial trials (simultaneous tests), po. An approach which 
is similar to that of Rutemiller (1967) is employed here. 

If P, is the probability of success in any test, the prob- 
ability of exactly zero successes in n simultaneous tests is 
given by 

(12) 
Suppose that r successes have been observed in m simul- 
taneous tests. Then the maximum likelihood estimator 
(mle) for po is 

Po = (1 - PSI” 

;o= ( 1-;)” 

for all values of n and m (Rutemiller, 1967; Appendix 

An alternative estimator of po, namely, the minimum 
variance unbiased estimator (mvue) , may be obtained 
directly from a theorem of Patil (1963) for the generized 
power series distribution as shown below (Appendix V) : * 

IV) * *  

n l m  

if r g m - n  (14) 
I (“3 

(:) 
po = 

- 
p o  = 0 if r > m - n  

The mvue, PO, does not exist for n > m. Rutmiller (1967) 

concluded that the mle, po is generally preferable to the 

mvue, po, to estimate the probability of zero failures in 
binomial trials when this probability is anticipated to be 
greater than 0.50. This should also be true in estimating 
the probability of zero successes in binomial trials be- 
cause Equations (13) and (14) are the same as those 

for estimating, respectively, the mle, po ,  and the mvue, 

po, of the probability of zero failures. 
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